Abstract: Ultra-compact spectrometers with high-resolution and/or broadband features have long been pursued for their wide application prospects. The off-axis meta-lens, a new species of planar optical instruments, provides a unique and feasible way to realize these goals. Here we give a detailed investigation of the influences of structural parameters of meta-lens-based spectrometers on the effective spectral range and the spectral resolution using both wave optics and geometrical optics methods. Aimed for different usages, two types of meta-lens based spectrometers are numerically proposed: one is a wideband spectrometer working at 800-1800 nm wavelengths with the spectral resolution of 2-5 nm and the other is a narrowband one working at the 780-920 nm band but with a much higher spectral resolution of 0.15-0.6 nm. The tolerance for fabrication errors is also discussed in the end. These provides a prominent way to design and integrate planar film-based spectrometers for various instrumental applications.
Introduction
Recent progresses on micro/nano-photonics have become a turning point for the transformation of traditional optical systems [1] . Metasurfaces, ultrathin planar structures patterned by monolithic subwavelength elements on surfaces, provide a new way to transform the incident wavefront to the desired forms by controlling the amplitude, phase and polarization of electromagnetic fields [2] [3] [4] [5] [6] . Compared with their traditional counterparts, metasurfaces have emerged as unparalleled devices to realize miniaturized, on-chip integrated and multifunctional optical systems [7] [8] [9] [10] . Tremendous breakthroughs in the field of metasurface have given rise to expansive applications ranging from planar imaging lenses [8, 9, [11] [12] [13] [14] , holograms [15] [16] [17] [18] [19] , spectrometers [20, 21] , nonlinear devices [22, 23] and even to invisible cloaks [24] [25] [26] , etc.
Spectroscopy, a fundamental scientific instrument which has developed for hundreds of years since Newton elaborated his discover that the sunlight is made up of a mixture of colors in 1672 [27] , is of significant importance to physics [28] [29] [30] , astronomy [31] [32] [33] and chemistry [34] [35] [36] . As pivotal components in spectroscopy, traditional spectrometers usually employ isolated dispersive elements (mostly gratings or prisms) and focusing lenses, which makes the whole system bulky, complicated and unsuitable for integration [21] . To produce miniature and compact spectrometers, researchers have explored the possibilities of taking the advantages of metasurfaces such as its flexibility to design arbitrary phase response or convenience to be integrated to other optical system to create multifunctional meta-lens-based spectrometers [20, 21, [37] [38] [39] . Spectrometers based on off-axis meta-lenses was first explored by Khorasaninejad et al. [20] , which unambiguously shows the potential of the technique, i.e., meta-lenses, as an alternative way to build spectrometers. However, a more detailed parametric analysis is required to fully understand the features of the two-dimensional device, especially clarifying the performance dependencies (spectral range and spectral resolution) on the system's structural parameters (lens aperture, focal length, off-axis angle and orientation angle of the detector plane). These information is crucial for the device design and the dispersive characteristics of off-axis meta-lenses need to be further illustrated.
In this paper, we carry out a comprehensive characteristic analysis of off-axis meta-lens based compact spectrometers using both rigorous wave theory and geometrical ray optics. The dispersive properties of the off-axis meta-lens provide the technique foundation for spectroscopy. We first show that by optimizing the orientation angle of the output (detector) plane, the effective spectral range can be enhanced about three times than that of the common configuration where the output plane is placed perpendicular to the optical axis. From the numerical diffraction calculations compared with the analytical geometrical optics analysis, we then discuss the full picture about the structural dependence of the intrinsic performance of the device. It is found that to design a high-resolution spectrometer, the aperture diameter and off-axis angle of the meta-lens should be enlarged as much as possible. On the contrary, a broadband spectrometer can be designed at certain sacrifice of spectral resolution by reducing the lens's aperture and off-axis angle and increasing the focal length. Based on these features, we give two concrete device designs: one could cover the 800-1800 nm band with the spectral resolution of 2-5 nm and the other covering the 780-920 nm band with a finer spectral resolution of 0.15-0.6 nm. The current research provides a new perspective to design meta-lens-based spectrometers.
Design Principle of Spectrometer Based on Off-Axis Meta-Lens
A schematic diagram of the meta-lens-based spectrometer is shown in Figure 1 . For practice, a collimation light circuit is basically required for the proposed device (not shown in Figure 1 ). For the off-axis meta-lens which will focus the incident normal plane wave at a deflected angle α, the phase distribution ϕ d imparted by it follows
where λ d is the design wavelength (corresponding to λ 2 in Figure 1 ) and f is the focal length.
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A schematic diagram of the meta-lens-based spectrometer is shown in Figure 1 . For practice, a collimation light circuit is basically required for the proposed device (not shown in Figure 1 ). For the off-axis meta-lens which will focus the incident normal plane wave at a deflected angle α, the phase distribution ϕd imparted by it follows
where λd is the design wavelength (corresponding to λ2 in Figure 1 ) and f is the focal length. The inset shows the definition of its sign. In addition to the global coordinate system (x, y, z) based on the meta-lens, a local coordinate system (u, v, w) based on the OP is adopted to simplify the deduction.
Two kinds of chromatics dispersion are introduced according to this configuration-the longitudinal displacement along the optical axis (the line from the center of the meta-lens to the focal point of the design wavelength) and lateral displacement perpendicular to the optical axis [21, 40] . It can be predicted that the actual focal plane for light with different wavelengths (λ 1 , λ 2 and λ 3 indicated in Figure 1 as an illustration) has a skew orientation angle with the optical axis. The output plane (OP) where the detector is placed does not always coincide with the actual focal plane in practice. A local coordinate system (u, v, w) centered at the focal point of the design wavelength (f sinα, 0, f cosα) is introduced at a relation with (x, y, z) by
where β denotes the angle between the u-axis and the x-axis. At the designing wavelength, the meta-lens will work as a blazed grating. At other frequencies, diffraction will be the dominant factor to decide the output field. In practice, the meta-lenses are usually constructed using subwavelength elements that have ideally a linear dispersion so that there is a dominant diffraction order for different frequencies in the band and their refractive angles are solely decided by the local period. Therefore, in ray optics, the meta-lens could be represented by a constant and frequency-independent phase profile. This assumption is also valid for wave optics when a meta-lens of broadband response is employed, as we assumed, for example the one consisting of Pancharatnam-Berry phase elements working for circularly polarized waves [20, 21] . Then, the input field U i (x, y, 0) is written as
where P(x, y) is the pupil function of the meta-lens. It takes nonzero and unity value only inside the meta-lens aperture. Based on Rayleigh-Sommerfeld's diffraction formula, the output field
where r denotes the distance from the source (x, y, 0) to the observation point (u, v, 0) (local coordinate system).
Results and Discussion

Simulation Results of a Typical Meta-Lens-Based Spectrometer
It is pivotal to analyze the dispersive characteristics of the spectrometer based on the off-axis meta-lens first. According to Equations (1)- (4), here we give the simulation results of the configuration with parameters f = 20 mm, aperture diameter D = 2 mm, α = 45 • and β = 45 • (the OP is perpendicular to the optical axis) at λ d = 1550 nm, as shown in Figure 2 . It corresponds to a small numerical aperture NA = 0.035 (see Equation (5) below). The focal line profile along the u-axis as λ varies in 1520-1580 nm is shown in Figure 2a . The dispersion-caused spatial focal spot distribution ensures the technical practicability to develop a meta-lens based spectrometer. One can see the focal line gets widened obviously as wavelength significantly deviates from the design wavelength due to the chromatic aberration and the mismatch of the actual focal plane and the OP. In this spectral range, the displacement ∆u is nearly linearly dependent on wavelength, suggesting a linear dispersion du/dλ = 9.95 µm/nm. A diffraction-limited spatial full width at half-maximum (FWHM) of the focal spot of 19.6 µm (12.6 λ d ) at λ d = 1550 nm is observed from Figure 2b . It raises slowly as wavelength deviates from λ d . We introduce the effective spectral range ∆λ to evaluate the performance of the spectrometer. Within this spectral range, the FWHM of the spot line is less than 1.2 times FWHM λ=λ d . In fact, this criterion is much stringent compared with previous studies about optical spectrometers and the commercial products [21] . For the configuration proposed here, ∆λ = 1574 nm − 1526 nm = 48 nm. The spectral resolution δλ as a function of wavelength define by the FWHM value of the U o (λ) curve is also shown in Figure 2b . The inset of Figure 2b plots the U o (λ) intensity along the dashed line in Figure 2a at u = 0. Over the spectral range 1524-1574 nm, the spectral resolution is within 1.8 nm. Figure 2c plots the field intensity (normalized by the maximum of the field intensity at the design wavelength λ d ) profile along the u-axis at different wavelengths at an interval of 1.5 nm. Different spectral lines are distinguishable in this interval. These results are acquired without considering the actual pixel size of the detector. and the commercial products [21] . For the configuration proposed here, Δλ = 1574 nm − 1526 nm = 48 nm. The spectral resolution δλ as a function of wavelength define by the FWHM value of the Uo(λ) curve is also shown in Figure 2b . The inset of Figure 2b plots the Uo(λ) intensity along the dashed line in Figure 2a at u = 0. Over the spectral range 1524-1574 nm, the spectral resolution is within 1.8 nm. Figure 2c plots the field intensity (normalized by the maximum of the field intensity at the design wavelength λd) profile along the u-axis at different wavelengths at an interval of 1.5 nm. Different spectral lines are distinguishable in this interval. These results are acquired without considering the actual pixel size of the detector. 
Relationship between Structural Parameters and Evaluation Indexes of Spectrometer
As mentioned above, the disorientation of the actual focal plane with the output plane restricts the effective spectral range of the meta-lens-based spectrometer. We simulate the output field of system with different orientation angles of the OP β while other parameters are kept constant as those used in Figure 2 and analyze the effective spectral ranges Δλ and spectral resolutions δλ of them (shown in Figure 3a) . The lower and upper bounds of the blue band in Figure 3a denote the minimum and maximum spectral resolution, respectively, which roughly have a constant ratio. The spectral range Δλ reaches the maximum at about 140 nm (almost three times larger than that at β = 45° in Figure 2 ) when β is about −70°. According to the above discussions, it is obvious that the effective spectral range will reach maximum when the OP overlaps the actual focal plane because of the decrease of the aberration. On the other hand, when the OP is nearly perpendicular to the actual focal plane, the effective spectral range losses its physical meaning. The spectral resolution δλ is nearly independent on β and primarily decided by the structural parameters of the meta-lens (they are the aperture diameter, the focal length and the off-axis angle). Although the linear dispersion will 
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range losses its physical meaning. The spectral resolution δλ is nearly independent on β and primarily decided by the structural parameters of the meta-lens (they are the aperture diameter, the focal length and the off-axis angle). Although the linear dispersion will increase when the orientation of OP is overlapped with the actual focal plane, the size of the focal spot will also increase proportionally. increase when the orientation of OP is overlapped with the actual focal plane, the size of the focal spot will also increase proportionally. Based on the above analysis, hereafter we go a step further to study the optimal value of β according to the ray tracing method. Adoption of the method is reasonable because the geometrical optics approximation is available for our low NA design. A commercial software Zemax 2005 (Zemax LLC, Kirkland, WA, USA, 2005) was used to trace the light path at three wavelengths (1525 nm, 1550 nm, 1665 nm), as shown in Figure 3b . We adopt the Zernike standard phase surface deduced from Equation (1) [42] . We choose 1525 and 1665 nm as simulation wavelengths because they are the lower and upper bounds of the effective spectral range. The ray tracing results suggest that the optimal orientation angle is β = −70°, which agrees exactly with the prediction of wave analysis. The displacement Δu and FWHM of the focal line as a function of the operation wavelength at β = −70° are shown in Figure 3c . The position of the minimum FWHM of the focal line red-shifts to the wavelength 1640 nm due to the extremely oblique orientation angle relative to the optical axis. The displacement of the focal line is not linearly dependent on wavelength anymore. Figure 3d gives the spectral resolution δλ as a function of wavelength at β = −70°. The spectral resolution below 1.6 nm is obtained over a wide spectral range from 1450 to 1600 nm. Although the effective spectral range will be greatly enhanced by adjusting the orientation angle of the OP, the actual working efficiency of the device may degrade due to the reduced photon absorption efficiency of detector at grazing incident angles. In principle, this problem may be overcome by patterning the detector with another metasurface. In the following, we will restrict the discussions by using the condition β = α (i.e., the OP is perpendicular to the optical axis). This will not lose the generality to illustrate the features of spectrometers that can be reproduced with different specifications. Based on the above analysis, hereafter we go a step further to study the optimal value of β according to the ray tracing method. Adoption of the method is reasonable because the geometrical optics approximation is available for our low NA design. A commercial software Zemax 2005 (Zemax LLC, Kirkland, WA, USA, 2005) was used to trace the light path at three wavelengths (1525 nm, 1550 nm, 1665 nm), as shown in Figure 3b . We adopt the Zernike standard phase surface deduced from Equation (1) [42] . We choose 1525 and 1665 nm as simulation wavelengths because they are the lower and upper bounds of the effective spectral range. The ray tracing results suggest that the optimal orientation angle is β = −70 • , which agrees exactly with the prediction of wave analysis. The displacement ∆u and FWHM of the focal line as a function of the operation wavelength at β = −70 • are shown in Figure 3c . The position of the minimum FWHM of the focal line red-shifts to the wavelength 1640 nm due to the extremely oblique orientation angle relative to the optical axis. The displacement of the focal line is not linearly dependent on wavelength anymore. Figure 3d gives the spectral resolution δλ as a function of wavelength at β = −70 • . The spectral resolution below 1.6 nm is obtained over a wide spectral range from 1450 to 1600 nm. Although the effective spectral range will be greatly enhanced by adjusting the orientation angle of the OP, the actual working efficiency of the device may degrade due to the reduced photon absorption efficiency of detector at grazing incident angles. In principle, this problem may be overcome by patterning the detector with another metasurface. In the following, we will restrict the discussions by using the condition β = α (i.e., the OP is perpendicular to the optical axis). This will not lose the generality to illustrate the features of spectrometers that can be reproduced with different specifications.
There are three factors that affect the performance of the meta-lens-based spectrometer besides β: aperture diameter D, focal length f and off-axis angle α. For the meta-lens, NA is expressed as
where the F-number is F = f /D. The influences of D, f and α on ∆λ and δλ are presented in Figure 4 . Same as above, the lower and upper bounds of the blue band denote the minimum and maximum spectral resolution, respectively. According to the calculation results, the effective spectral range ∆λ is linearly proportional to the focal length f but the spectral resolution δλ is nearly independent on f. However, ∆λ and δλ both show an inverse relation with the aperture diameter D and the off-axis angle α. The configuration with large f or small D and α attains wider effective spectral range due to the smaller spherical aberration [43] . Figure 4 . Same as above, the lower and upper bounds of the blue band denote the minimum and maximum spectral resolution, respectively. According to the calculation results, the effective spectral range Δλ is linearly proportional to the focal length f but the spectral resolution δλ is nearly independent on f. However, Δλ and δλ both show an inverse relation with the aperture diameter D and the off-axis angle α. The configuration with large f or small D and α attains wider effective spectral range due to the smaller spherical aberration [43] . From the wave theory and the linear dispersion du/dλ for β = α (see Figure 2b) , the spectral resolution can be estimated by [20] . NA
For a large F-number (F > 6 in our case), Equation (5) From the wave theory and the linear dispersion du/dλ for β = α (see Figure 2b) , the spectral resolution can be estimated by [20] 
For a large F-number (F > 6 in our case), Equation (5) can be simplified as
Then the spectral resolution at the design wavelength δλ| λ=λ d is
According to Figure 2c , it is reasonable to approximate the minimum spectral resolution to be equal to δλ| λ=λ d for β = α. Then we conclude that the minimum spectral resolution is inversely proportional to D or the sine of α and nearly independent of f for meta-lens with a large F-number. The analytical result according to Equation (8) provides almost the same variation tendency with the numerical results.
Two Practical Device for Different Applications
Consider the fact that the detector always has limited element sizes and array numbers, there will be a trade-off between the effective spectral range and spectral resolution in designing spectrometer. A high-resolution spectrometer with a wide spectral range is ideal but not realistic for the grating based species. Alternatively, we propose two practical configurations to satisfy the actual requirements: a wideband spectrometer with medium spectral resolution and a narrowband spectrometer with high spectral resolution. In practice, the meta-lens based approach has the advantages to integrate these two or more components into a single package.
The structural parameters for the wideband spectrometer with medium spectral resolution are f = 30 mm, D = 2 mm, α = 15 • , β = −89 • at λ d = 1550 nm. Its focal line along the u-axis and spectral resolution as a function of wavelength are shown in Figure 5a ,b, respectively, indicating a remarkably wide spectral range. This device will work at the band 800-1800 nm with the spectral resolution of 2-5 nm. The dimension of this configuration is estimated as 70 × 20 × 10 mm 3 . This configuration is compact and its spectral range and spectral resolution is comparable to the traditional commercial mini-spectrometer that has the similar working parameters, for example, Hamamatsu Photonics C11482GA [44] . The structural parameters for the narrowband spectrometer with high spectral resolution are f = 30 mm, D = 6 mm, α = 45 • , β = −65 • at λ d = 850 nm. Its focal line along the u-axis and the spectral resolution as a function of wavelength are shown in Figure 5b ,c, respectively, indicating a narrow spectral range 780-920 nm. Within this spectral range, the spectral resolution is within 0.15-0.6 nm. Its dimension is approximately 40 × 30 × 10 mm 3 . This results are also comparable to the traditional commercial spectrometer such as Hamamatsu Photonics C13054MA [44] .
According to Figure 2c , it is reasonable to approximate the minimum spectral resolution to be equal to d δ     for β = α. Then we conclude that the minimum spectral resolution is inversely proportional to D or the sine of α and nearly independent of f for meta-lens with a large F-number. The analytical result according to Equation (8) provides almost the same variation tendency with the numerical results.
The structural parameters for the wideband spectrometer with medium spectral resolution are f = 30 mm, D = 2 mm, α = 15°, β = −89° at λd = 1550 nm. Its focal line along the u-axis and spectral resolution as a function of wavelength are shown in Figure 5a ,b, respectively, indicating a remarkably wide spectral range. This device will work at the band 800-1800 nm with the spectral resolution of 2-5 nm. The dimension of this configuration is estimated as 70 × 20 × 10 mm 3 . This configuration is compact and its spectral range and spectral resolution is comparable to the traditional commercial mini-spectrometer that has the similar working parameters, for example, Hamamatsu Photonics C11482GA [44] . The structural parameters for the narrowband spectrometer with high spectral resolution are f = 30 mm, D = 6 mm, α = 45°, β = −65° at λd = 850 nm. Its focal line along the u-axis and the spectral resolution as a function of wavelength are shown in Figure 5b ,c, respectively, indicating a narrow spectral range 780-920 nm. Within this spectral range, the spectral resolution is within 0.15-0.6 nm. Its dimension is approximately 40 × 30 × 10 mm 3 . This results are also comparable to the traditional commercial spectrometer such as Hamamatsu Photonics C13054MA [44] .
In practice, one can determine the initial parameters of the meta-lens according to Equation (8) to meet the requirements of the spectral resolution. The effective spectral range could be broadened obviously by adjusting the orientation angle of the OP β according to the ray tracing method. These parameters together give the freedoms to design spectrometer for various application requirements. 
Influence of the Fabrication Error Analysis
In this section, we give a numerical analysis how the imperfect implementation may affect the performance of the proposed device. To do so, we have assumed that any imperfection in fabrication may cause the phase distortion of the ideal device from Equation (1) . Figure 6a gives the effective spectral range Δλ, the spectral resolution δλ and the maximum intensity Im of the focal spot. The latter two are taken at the design wavelength. In the calculation, a random noise using the built-in function of the MATLAB is applied to the phase profile in Equation (1), whose value obeys a normal distribution (0, ). Here, σ denotes the standard deviation. It is seen that the maximum intensity Im decreases when the value σ increases, indicating the weakened focusing efficiency at larger phase distortion. However, the effective spectral range and the spectral resolution at the design wavelength almost remain stable as σ changes because they are solely contributed by the zeroth diffraction order. These effects could be more clearly understood from the focusing pattern plotted in Figure 6b -d at σ = 0°, 90° and 120°, respectively. The spatial characteristics of the zeroth diffraction order are hardly influenced when the phase distortion gets more deteriorated. Its intensity decreases as the unwanted higher diffraction orders become stronger. For practice, we can expect that the proposed off-axis meta-lens can suffer a spatial phase distortion with the largest deviation less than 48° corresponding to a 50% amplitude reduction where the higher diffraction orders are thought weakly enough and have no influence on the performance of the spectrometer. This is relatively a large tolerance and allows the device to be precisely implemented. In practice, one can determine the initial parameters of the meta-lens according to Equation (8) to meet the requirements of the spectral resolution. The effective spectral range could be broadened obviously by adjusting the orientation angle of the OP β according to the ray tracing method. These parameters together give the freedoms to design spectrometer for various application requirements.
In this section, we give a numerical analysis how the imperfect implementation may affect the performance of the proposed device. To do so, we have assumed that any imperfection in fabrication may cause the phase distortion of the ideal device from Equation (1) . Figure 6a gives the effective spectral range ∆λ, the spectral resolution δλ and the maximum intensity I m of the focal spot. The latter two are taken at the design wavelength. In the calculation, a random noise using the built-in function of the MATLAB is applied to the phase profile in Equation (1), whose value obeys a normal distribution N 0, σ 2 . Here, σ denotes the standard deviation. It is seen that the maximum intensity I m decreases when the value σ increases, indicating the weakened focusing efficiency at larger phase distortion. However, the effective spectral range and the spectral resolution at the design wavelength almost remain stable as σ changes because they are solely contributed by the zeroth diffraction order. These effects could be more clearly understood from the focusing pattern plotted in Figure 6b -d at σ = 0 • , 90 • and 120 • , respectively. The spatial characteristics of the zeroth diffraction order are hardly influenced when the phase distortion gets more deteriorated. Its intensity decreases as the unwanted higher diffraction orders become stronger. For practice, we can expect that the proposed off-axis meta-lens can suffer a spatial phase distortion with the largest deviation less than 48 • corresponding to a 50% amplitude reduction where the higher diffraction orders are thought weakly enough and have no influence on the performance of the spectrometer. This is relatively a large tolerance and allows the device to be precisely implemented.
of the zeroth diffraction order are hardly influenced when the phase distortion gets more deteriorated. Its intensity decreases as the unwanted higher diffraction orders become stronger. For practice, we can expect that the proposed off-axis meta-lens can suffer a spatial phase distortion with the largest deviation less than 48° corresponding to a 50% amplitude reduction where the higher diffraction orders are thought weakly enough and have no influence on the performance of the spectrometer. This is relatively a large tolerance and allows the device to be precisely implemented. 
Conclusions
In this paper, the relationship between the performance of the off-axis meta-lens-based spectrometer and the structural parameters of the system are studied theoretically. It is shown that the desired effective spectral range Δλ and the spectral resolution δλ can be realized by properly selecting the designing parameters of focal length f, aperture diameter D, off-axis angle α and orientation angle of output plane β. Based on these, we designed two device configurations able to work for (i) broadband spectroscopy in 800-1800 nm with the low spectral resolution of 2-5 nm and (ii) narrowband spectroscopy in 780-920 nm with the high spectral resolution of 0.15-0.6 nm. These results will be helpful to guiding the design of compact spectrometer with specific response characteristics for various applications.
